Abstract. The T -adic L-function of the torus given by a Witt extension is studied. Generic Newton polygon of the T -adic L-function as well as that of the Artin L-function are determined.
1. Introduction 1.1. Artin L-functions. Let p be a prime number, Z p the ring of p-adic integers, and Q p the field of p-adic numbers. Let q be a power of p, F q the finite field with q elements, Q q the un-ramified extension of Q p with residue field F q , Z q the ring of integers of Q q , and x →x the Teichmüller lifting from F q to Z q .
Let G m be the multiplicative group, and let It defines a Z p -extension of the n-dimensional torus G n m ⊗ F q . We call it a Witt extension.
Let |G n m ⊗ F q | be the set of closed points of G n m ⊗ F q . The Witt extension defines a map from |G n m ⊗ F q | to Z p . The image of x is called the Frobenius element at x, and is denoted as Fr x . One can show that, if x is of degree k, then Fr x = Tr Q q k /Qp ( uâ ux u ).
Let ψ be a locally constant character of Z p . The Artin L-function associated to ψ is Define exponential sums
It is easy to check that L f,ψ (s) (−1) n−1 = exp(
Let △(f ) be the integral convex closure in R n of the origin and the vectors u with a u = 0. If f is non-degenerate and ψ is non-trivial, then L f,ψ (s) is a polynomial of degree n!Vol(△(f )) with coefficients in Q(π ψ ), as was shown by Adolphson-Sperber [1, 2] for ψ of order p, and by Liu-Wei [10] for all nontrivial ψ. We shall not recall the precise definition of non-degenerateness here, but mention that, if △ is an n-dimensional integral convex polytope in R n containing the origin, and p is large enough, then the set of nondegenerate f is open dense in the variety
by a result of Gelfand-Kapranov-Zelevinsky [7] .
For non-degenerate f and nontrivial ψ, the location of the zeros of L f,ψ (s) becomes an important issue. The archimedean absolute values of these zeros were determined in the literature for ψ of order p. We believe that a similarly result can be proved for any non-trivial ψ. The l-adic absolute values of these zeros are trivial for l different from p by a result of Serre. The p-adic absolute values of these zeros are more subtle, and were investigated by Adolphson-Sperber [1, 2] , Wan [13, 14] , and Liu-Wei [10] . Define
So the C-function C f,ψ (s) and the L-function L f,ψ (s) determine each other. Let f be non-degenerate and ψ non-trivial. Then the Newton polygons of the C-function and the L-function also determine each other. In fact, it is easy to show that the slopes of that two polygons are related by the formula
where α runs through the reciprocal zeros of C f,ψ (s), and β runs through the reciprocal zeros of L f,ψ (s). Let P f,ψ be the π ψ -adic Newton polygon of C f,ψ (s). We put forward the following conjecture. Conjecture 1.1 (p-adic slope conjecture). If p is sufficiently large, then the set of non-degenerate f such that P f,ψ is identical for all non-trivial ψ, is open dense in V △ .
defined originally on the set of locally constant characters of Z p , extends linearly to the set of locally constant functions on
We view L f (s, T ) as a power series in the single variable s with coefficients in the T -adically complete field Q p ((T )). So we call it a T -adic L-function. Its T -adic properties was first investigated by Liu-Wan [11] .
It is easy to check that
and
We also view C f (s, T ) as a power series in the single variable s with coefficients in the T -adically complete field Q p ((T )). We have
So one can recover the p-adic C-function C f,ψ (s) from the T -adic C-function C f (s, T ). The C-function was shown to be T -adically entire by Liu-Wan [11] . So it behaves T -adically better than the L-function.
Let
] be the reduction of C f (s, T ) modulo p. Let P f,T be the T -adic Newton polygon of C f (s, T ), and P f,T the T -adic Newton polygon of C f (s, T ). It is easy to prove the following. Theorem 1.2 (transfer theorem [11] ). We have the rigidity bound
where ψ k is of order p k , and m ≥ 1. Moreover, if P f,ψ = P f,T for one nontrivial ψ, then P f,T = P f,T .
We now put forward the following two conjectures.
Conjecture 1.3 (T -adic slope conjecture).
Let ψ be of order p. If p is sufficiently large, then the set of non-degenerate f such that
is open dense in V △ .
Conjecture 1.4 (T -adic slope conjecture).
If p is sufficiently large, then the set of non-degenerate f such that
By the rigidity bound, the T -adic slope conjecture implies the T -adic slope conjecture, and the T -adic slope conjecture implies the p-adic slope conjecture. Along with Grothendieck's specialization lemma [8] and the results of Adolphson-Sperber [1] or Liu-Wei [10] , the T -adic slope conjecture implies that the generic Newton polygon of C f (s, T ) exists and comes from a finite polygon. So far, there is no theory to ensure the existence and the finite property of that generic Newton polygon. In this paper we prove that conjecture in the one-dimensional case. Theorem 1.5 (one-dimensional T -adic conjecture). Let △ be an integral interval on the real line containing 0, and D the least common multiple of the nonzero endpoints of △. If p > 3D, then the set of non-degenerate f such that
Preliminary calculations
In this section as well as the rest of this paper, △ is an integral interval on the real line containing 0, and D is the least common multiple of the nonzero endpoints of △. We assume that D is prime to p. The endpoint of △ with sign ε = ±1 is denoted as d(ε). Let C(△) be the integral cone generated by △. The degree function deg on C(△) is defined by the formula
. For brevity, the lifting deg •γ is also denoted as deg when no confusion occurs.
Let A ⊂ γ −1 (C(△)) be a finite subset, and τ a permutation of A. In this section we are concerned with the event
where
Lemma 2.1. Let A, B, C be sets with A finite, and τ a permutation of A.
The lemma is proved.
For a parameter µ, we define two events
) be a finite subset, and τ a permutation of A. Then
Proof. Note that
The corollary now follows from the last lemma with
We also have
The corollary now follows from the last lemma.
Lemma 2.4. We have
Proof. It suffices to show that, if d is a nonzero endpoint of △, then
Without loss of generality, we assume that d > 0. Then
Similarly, we have
where the last equality follows from the fact that r → d{
The lemma now follows.
Define two events 
Proof. Without loss of generality, we assume that d > 0. It is clear that δ < and δ ∈ have period d on N. So we may further assume that n = dµ is an integer between 1 and d. Then
The lemma now follows. We now prove the theorem of this section.
Theorem 2.6. Let A ⊂ γ −1 (C(△)) be of cardinality bi, τ a permutation of A, and
Proof. This follows from the last corollary and the last two lemmas.
Main estimate
Let A ⊂ γ −1 (C(△)) be a finite subset, and τ a permutation of A. In this section we estimate a∈A ⌈deg(pa − τ (a))⌉, where the degree function takes the value +∞ outside its field of definition.
Definition 3.1. The arithmetic polygon of △ is the polygon of
The function defined by that polygon is denoted as p △ .
Definition 3.2. For a turning point m of the arithmetic polygon of △, we write
) be a subset of cardinality bm, and τ a permutation of A. Suppose that p > 3D. Then
Moreover, if m is a turning point of the arithmetic polygon of △, and A = γ −1 (A m ), then the strict inequality holds.
Proof. First, we assume that m is a turning point and A m is of the form
We have
where the last inequality follows from Theorem 2.6. Since p > 3D, we have
with strict inequality holding if A = γ −1 (A m ). Secondly, we assume that m is a turning point but A m is not of the form
and there is a j = i in C(△) such that deg(j) = µ. It follows that
and It follows that
Moreover, it not hard to show that, if A = γ −1 (A m ), then the strict inequality holds. Thirdly, we assume that m is not a turning point but there is an i ∈ C(△) such that
This case can be proved similarly as the last case.
Finally, we assume that m is not a turning point and there is an i ∈ C(△) such that 
The theorem is completely proved. Definition 3.4. Let p > 3D, and m < Vol(△) a turning point of the arithmetic polygon of △. We denote by S m the set of permutations τ of A m satisfying τ (0) = 0, and
where n is the element of maximal degree in A m ∩ sgn(a)N. 
with equality holding if and only if
It follows that
with equality holding if and only if τ ∈ S m . The theorem is proved.
Hasse polynomial
Let p > 3D, and let
be the p-adic Artin-Hasse exponential series. For a turning point m < Vol(△) of the arithmetic polygon of △, we define
where y = (y j ) j∈△ . The reduction of H m modulo p is denoted as H m . The product H = m<Vol(△) H m over the set of turning points m of △ is called the Hasse polynomial of △. In this section we prove the following theorem. 
Note that c(τ ) is a p-adic unit. So it suffices to show that, among the monomials
there is an ordering of monomials such that the minimal monomial appears exactly once. We order the variable y i by setting y i < y j if ij > 0 and |i| < |j|. To order the monomials, we define i∈I y i > j∈J y j and i∈I y −i > j∈J y −j if I and J are finite subsets of positive integers and there is an i ∈ I which is greater than all j ∈ J. And define g 1 g 3 ≥ g 2 g 4 if g 1 , g 2 , g 3 , g 4 are monomials such that g 1 ≥ g 2 and g 3 ≥ g 4 .
Note that, if τ ∈ S m , then
where n(sgn(i)) is the element of maximal degree in A m ∩ sgn(i)N. Define r i by the formula
Note that r i = r j and r −i = r −j if i and j are distinct positive integers. So we can order them such that
Note that r i 1 ≤ n(1) + d(1) and r t 1 ≥ n(−1) + d(−1). So we have
We define a permutation τ 0 of A m by the formulas
It is easy to check that τ 0 ∈ S m .
We claim that, for any τ ∈ S m ,
with equality holding if and only if τ (i j ) = n(1) + 1 − j for all 1 ≤ j ≤ n(1). Suppose that τ (i j ) = n(1) + 1 − j for some 1 ≤ j ≤ n(1). Let j 0 be the least one with this property. Then τ (i j 0 ) < n(1) + 1 − j 0 . Hence
as claimed. Similarly, we can prove that, for any τ ∈ S m ,
with equality holding if and only if τ (t j ) = n(−1) + j − 1 for all 1 ≤ j ≤ −n(−1). It follows that the monomial
is minimal and occurs exactly once in the monomials
The theorem is proved.
Dwork's semi-linear operator
, and π a new T -adic uniformizer of Q p ((T )) defined by the formula E(π) = 1 + T . In this section we use the series
to construct Dwork's T -adic semi-linear operator.
Lemma 5.1. We have
where O(π α ) denotes a term of T -adic order ≥ α.
Proof. This follows from the fact that
and the fact that
Let π 1/D be a fixed D-th root of π. By the last lemma, E f belongs to the T -adic Banach module
Note that the Galois group of Q q over Q p can act on L but keeping π 1/D as well as the variable x fixed. Let σ be the Frobenius element in the Galois group, whose restriction to µ q−1 is the p-power morphism. Let ψ p be the operator on L defined by the formula
We call it Dwork's T -adic semi-linear operator because it is semi-linear over
In the rest of this section we are concerned with the operator ψ. One can show that ψ is completely continuous in the sense of Serre [12] . So
be a normal basis of Q q over Q p so that σ acts on it as a permutation. Let (γ i,j ) i,j∈γ −1 (△) be the matrix of ψ on B ⊗ Zp Q p with respect to the basis {ξ u x l } (l,u)∈γ −1 (△) .
Lemma 5.3. We have
Lemma 5.4. Let p > 3D, and A ⊂ γ −1 (C(△)) a subset of cardinality bm.
where τ runs through permutations of A. We have
The lemma now follows from Theorem 3.3.
Lemma 5.5. Let p > 3D, and m a turning point of the arithmetic polygon of △. Then
where Norm is the norm map from
Proof. Let V = ⊕ i∈Am Q q (π 1/D )e i be a vector space over Q q (π 1/D ), and let F be the linear operator on V whose matrix with respect to the basis {e i } is (γ pi−j ) i,j∈Am , and let σ act on V coordinate-wise. It is easy to see that (γ i,j ) i,j∈γ −1 (Am) is the matrix of σ −1 • F over Q p (π 1/D ) with respect to the basis {ξ u e i } (i,u)∈γ −1 (Am) . Therefore
The lemma is proved. We now prove the main theorem of this section.
Theorem 5.6. Let p > 3D, and write 
Generic rigidity
In this section we prove one-dimensional T -adic slope conjecture. We begin with the following theorem.
Theorem 6.1 (Dwork's trace formula [11] ). We have
where b = log p q.
One can show that ψ b is completely continuous in the sense of Serre [12] .
The lemma now follows from the equality
Corollary 6.3. Write
Then the T -adic Newton polygon of Newton polygon of
is the lower convex closure of the points 
Theorem 6.4 (arithmetic bound).
If ψ is non-trivial, △(f ) = △, and p > 3D, then P f,ψ ≥ P f,T ≥ ord p (q)P △ .
Proof. The first inequality is the rigidity bound, and the second inequality follows from Dwork's trace formula, Corollary 6.3, and Theorem 5.6. Remark. The generic Newton polygon of L f,ψ (s) for one-variable polynomial f and ψ of order p, was studied by Zhu [15] [16] [17] , and by BlacheFérard [4] . The above theorem for ψ of order p was also prove independently by Blache (see [3] and [9] ).
Proof of one-dimensional T -adic slope conjecture. That theorem follows from the last two theorems.
